Adaptive measurements have recently been shown to significantly improve the performance of quantum state and process tomography. However, the existing methods either cannot be straightforwardly applied to high-dimensional systems or are prohibitively computationally expensive. Here we propose and experimentally implement a novel tomographic protocol specially designed for the reconstruction of high-dimensional quantum states. The protocol shows qualitative improvement in infidelity scaling with the number of measurements and is fast enough to allow for complete state tomography of states with dimensionality up to 36.
I. INTRODUCTION
Quantum state tomography is a procedure which allows one to reconstruct the full density matrix of a quantum state from the outcomes of measurements on an ensemble of systems prepared in that state [1] . Similarly, quantum process tomography reconstructs the χ-matrix, describing a transformation of a quantum system in a most general form [2] . In the era of rapidly developing quantum technologies, quantum tomography becomes one of the critical primitives, allowing for experimental analysis and debugging of quantum devices under development. It is therefore crucial to develop tomographic protocols capable of reconstruction of complex high-dimensional states and processes. Although, full state tomography of a system living in a D-dimensional Hilbert space requires at least D 2 different measurements and is, therefore, not a scalable procedure, one still needs protocols, which are tractable for at least fewqubit states.
Precision of the tomographic estimate significantly depends on the choice of the protocol -i.e. the specific set of measurements performed. The quality of reconstruction may be significantly improved, if these measurements are chosen adaptively, relying on the previous data to tune the following measurements to increase the statistical significance of the observed outcomes. Although, first ideas and implementations following this line of thought appeared quite early [3, 4] , adaptive methods in quantum tomography have recently seen significant advances (see [5] for a review). One approach is to use Bayesian methods of optimal experimental design [6] , which was experimentally realized for single-qubit [7] and two-qubit states [8] , as well as single-qubit quantum processes [9] . This method is completely general and theoretically attractive, however involved computational resources are so high, that it becomes impractical for high-dimensions.
Another approach was suggested in [3] and later in [10] , and realized experimentally for qubits in [11] and [12] . * struchalin.gleb@physics.msu.ru
It essentially suggests to perform state estimation as a two-step process, first obtain an estimate by measurements in an arbitrary basis, and then change the measurement basis to the eigenbasis of the estimated density matrix. The problem with straightforward generalization of this approach to high-dimensions is the fact, that the eigenstates of the estimate will almost certainly be entangled high-dimensional states, and realization of the corresponding projective measurements experimentally is usually extremely challenging. There are other ideas and approaches to designing optimal adaptive strategies for quantum tomography [13] [14] [15] , however none of them has experimentally gone beyond two qubits [16] [17] [18] .
A rare exception among adaptive protocols is the recently suggested self-guided tomography [19] , which was shown to be tractable for at least 7 qubits in numerical simulations. This protocol is however directly applicable only for the reconstruction of pure states, and should be extended with Bayesian data processing to allow for mixed states reconstruction [20] . In this case it shares the same computational difficulties with other Bayesian protocols. Here again, experimental implementations were only limited to two-qubit states [21] .
In this article we present a novel adaptive protocol, which is specially tailored for high-dimensional bipartite states. Such states are ubiquitous in many experimental settings, for example, in experiments with orbitalangular momentum and entangled spatial states of photons [22] . Our protocol utilizes only factorized measurements performed separately on the subsystems, which makes it practical for implementation. It is also independent of the choice of a statistical estimation procedure. We provide intuitive arguments explaining the reasons of the increased estimation accuracy and confirm them by numerical simulations and real experiments. The experimental testbed for the protocol is the reconstruction of high-dimensional (up to D = 36) entangled spatial states of photon pairs.
II. ALGORITHM A. Protocol accuracy
An estimatorρ is a map from random measurement outcomes to the system Hilbert space H D of dimension D. Therefore, an estimator itself and all quantities involving it are random variables. Our protocol was inspired by the existing theory of universal statistical distribution for fidelity F (ρ,ρ) = Tr 2 ρ 1/2ρ ρ 1/2 between the true state ρ and the estimatorρ [23] . Let us outline the main results of this theory for convenience.
The theory is valid for a maximum-likelihood estimator and provides an asymptotic distribution of fidelity F (ρ,ρ) in the limit of infinitely large number of detected events N , whenever a measurement protocol is given. Measurements are characterized by a positive operator-valued measures (POVMs) {M α }. POVM elements M αγ ∈ M α satisfy the normalization constraint:
We will be interested in projective measurements in some basis, i. e. each POVM consists of D rank-1 projectors:
. The probability of obtaining an outcome γ in a measurement α with the system being in the state ρ is given by Born's rule:
Suppose ρ is a rank-R state with only R nonzero eigenvalues λ k . It can be purified in the extended Hilbert space
The purification |Ψ is arbitrary up to unitary transformations on the auxiliary system H R , one possible choice is
where |ψ k are the eigenvectors of ρ corresponding to nonzero eigenvalues λ k (henceforward, λ k are assumed to be sorted in decreasing order). Let M αγ = 1 R ⊗ M αγ be an "extended" measurement operator acting on H RD space, then the probability in (1) is invariant under the replacement ρ → |Ψ Ψ| and M αγ → M αγ . As a final preparatory step let us switch from complex to real-valued vectors and matrices. Indeed, every complex matrix A and column-vector v can be viewed as a real-valued matrix A re and a vector v re of doubled dimension:
Linear algebraic expressions, e. g. w = Av, maintain their form under this isomorphism: w re = A re v re . The hermitian conjugation operation is replaced by transposition alone:
Using the purification (2) and isomorphism (3), Born's rule (1) can be rewritten as
where c = |Ψ re and O αγ = (M αγ ) re . The uncertainty of an asymptotically efficient estimator is characterized by the Fisher information matrix H (via its inverse):
where L(c; {n αγ }) is a likelihood function, and expectation is carried out over different measurement outcomes {n αγ }. The Fisher information matrix H is a symmetric real-valued matrix of size 2RD × 2RD. If a tomographic protocol is informationally complete, H has 2RD − R 2 strictly positive singular values σ i , while other R 2 ones are exactly zero. Henceforth we will assume that σ i are sorted in decreasing order.
Fidelity F (ρ,ρ) between the true state ρ and an asymptotically efficient, e. g. a maximum-likelihood, estimatorρ is closely related to the singular values σ i of H. An asymptotic distribution of F (ρ,ρ) in the limit of infinitely many observations can be represented as follows [23, 24] :
where ν = 2RD −R 2 −1, and ξ i ∼ N (0, 1) are identically and independently distributed normal random variables with zero mean and unit variance. The sum (6) contains ν terms, which is equal to the number of degrees of freedom for the rank-R quantum state, for example ν = 2D − 2 for pure states, and ν = D 2 − 1 for full rank states. The right-hand side of (6) is a sort of generalized chi-squared distribution, useful series representations of its distribution function can be found in [25, 26] . Expectation 1 − F and standard deviation ∆(1 − F ) of 1 − F are obtained straightforwardly:
In the following we will be interested in the likelihood function L(c), expressed as a product of Poissonian probabilities, since it is usually the case in experiments with photon counting:
here b αγ are constants proportional to exposition time, n αγ are the numbers of detected counts, αγ n αγ = N . Note, that (8) actually covers the canonical for quantum tomography case of multinomial likelihood, L mult ∝ αγ p nαγ αγ , when b αγ does not vary with index γ: b αγ = b α . In this case, αγ p αγ b αγ = α b α does not depend on ρ, and the exponent can be absorbed by the proportionality sign.
Fisher information H for the Poissonian likelihood (8) is,
Given that total number of counts N is fixed, the equality c T Hc = 4N holds, since p αγ b αγ is equal to the expectation n αγ . The largest singular value, σ 1 = 4N , corresponds to the vector c. Other nonzero singular values also grow as fast as N in the asymptotic limit: σ i ∝ N . Thus both the expectation and the standard deviation (7) are inversely proportional to the total number of counts detected
It is implicitly assumed in the derivation of (6) , that the rank R s of the true state ρ matches the rank R e of the estimatorρ (i. e. the likelihood is optimized over the set of states of rank R e ): R s = R e = R. In real tomographic experiments due to instrumental imperfections, nominally, the true state is always full rank, R s = D, however some of the eigenvalues may be relatively small. Estimation of the state mixedness compels an experimenter to reconstruct the state as a full-rank one, R e = D. Formally, there is no problem at all, because R s = R e , but the presence of tiny eigenvalues reduces the estimation accuracy 1−F (ρ,ρ) dramatically -the true state behaves effectively as a rank deficient one. In general, loss of accuracy occurs, when R s < R e (there is no need for R e being equal to D). It is well known that fidelity in this case can degrade up to 1 − F ∝ 1/ √ N [27] . The reason asymptotic 1/N does not hold anymore is that some of the singular values σ i in the sum (6) become zero. The number of terms in (6) is equal to ν e + 1 ≡ 2R e D − R 2 e and is determined by the estimator rank R e . On the other hand, the number of nonzero singular values or the rank of the Fisher information matrix H is related to the true state rank R s : rank
Let us consider an example: suppose a rank-3 state with its nonzero eigenvalues being λ 1 , λ 2 , λ 3 is measured using some protocol {M αγ }. One can calculate the Fisher information H 3 (λ 1 , λ 2 , λ 3 ), assuming the estimator rank is R e = 3. Obviously, rank H 3 (λ 1 , λ 2 , λ 3 ) = ν(R = 3)+1. Now we take the limit λ 3 → 0, obtaining H 3 (λ 1 , λ 2 , 0), which corresponds to the case R s = 2 and R e = 3. Our goal is to find rank H 3 (λ 1 , λ 2 , 0). To make things more transparent we consider the term O αγ c in (9) or, equivalently, M αγ |Ψ due to the isomorphism (3). M αγ |Ψ has the following block structure: T O αγ to obtain the Fisher information H 3 (λ 1 , λ 2 , 0), then the specific rows and columns are exactly zero. This is valid if p αγ = 0 for all operators M αγ , which usually happens for static measurement protocols. H 3 (λ 1 , λ 2 , 0) has the form of a Fisher information matrix H 2 (λ 1 , λ 2 ), computed for R e = R s = 2 with some zero-valued rows and columns inserted. Obviously, rank H 3 (λ 1 , λ 2 , 0) = rank H 2 (λ 1 , λ 2 ) = ν(R = 2) + 1. Therefore σ i = 0 for i = ν(R = 2) + 2, . . . , ν(R = 3) + 1 in (6).
B. Estimator-orthogonal measurements
Measurements for which p αγ ≈ 0 are of special interest. Even though O αγ cc T O αγ contains rows and columns with nearly vanishing elements, when λ 3 ≈ 0, they can be magnified by the factor 1/p αγ 1. If sufficient amount of measurements obey p αγ ≈ 0, then the matrix H 3 has no tiny singular values σ i for i = 2, . . . ν e + 1, required in (6) , and accuracy of tomography is high. In the limit λ 3 → 0 the measurement operators M αγ should be chosen in such a way, that a strict equality p αγ = 0 holds, to preserve a convergence rate 1/N .
One may hope that the protocol, which maintains 1/N convergence in the extreme situation R s < R e , will also have superior accuracy in the situation of small (but nonzero) eigenvalues λ i of the true state. Therefore, the case R s < R e is considered further. We call a measurement M αγ orthogonal to a projector |ψ ψ| if Tr(M αγ |ψ ψ|) = 0. This implies M αγ |ψ = 0 and vice versa due to positivity of M αγ . Clearly, the aforementioned example can be transferred in full analogy to different combinations of R s < R e D. Now we are ready to formulate the necessary condition for a protocol to maintain convergence 1/N in the presence of discrepancy between the true state rank R s and the estimator rank R e , R s < R e : Condition 1 (necessary) The protocol must contain a measurement M αγ which is orthogonal to the projectors on the eigenvectors |ψ k corresponding to the nonzero eigenvalues of the true state:
This condition means that the measurement M αγ has zero outcome probability: p αγ = 0. Of course, if an informationally complete protocol contains only one orthogonal operator M αγ then it is not sufficient to improve convergence. The rank of the Fisher information matrix H is limited by ν s + 1 if there are no orthogonal measurements. Each independent orthogonal measurement increments the rank by one above this value, until the maximum rank ν e + 1 is not reached. Therefore, the following sufficient condition holds:
Condition 2 (sufficient) The protocol should contain ν e − ν s = (R e − R s )(2D − R e − R s ) independent measurements M αγ , satisfying the condition 1.
It seems that orthogonal measurements demand exact knowledge of the true state ρ, but as in other adaptive protocols with measurement basis alignment [10, 11] , the estimator-orthogonal protocol aligns the measurements according to the current estimatorρ. The true state eigenvectors are replaced by the estimator eigenvectors. The rank R s of the true state is usually also unknown in advance (otherwise one can equate the estimator rank R e with the state rank R s ) and, hence, in general we suggest to tune the protocol for all ranks of the input state -one should find the measurements orthogonal to K = 1, . . . , R e − 1 eigenvectors subsequently. Firstly, let K = 1 and measurements are found to be orthogonal to the eigenvector with the largest eigenvalue (tune for rank-1 states), then set K = 2 and subsequent measurements are orthogonalized with respect to the first two eigenvectors (tune for rank-2 states), etc. The protocol, obtained in such a way, has an optimal convergence 1/N regardless of the true state rank. However, the possible values of K may be specified by some a priori knowledge if available.
C. Factorized measurements
A high-dimensional quantum system usually has a natural separation into subsystems (tensor product structure), and measurements performed on its parts separately, which we will call factorized measurements, are much easier to implement in experiment then general measurements on the whole system. According to the condition 1, measurements should be orthogonal to the eigenvectors |ψ k of the true state ρ (or the current estimatorρ), which are almost certainly entangled. But the restriction to factorized measurements poses additional constraints, and a natural question arises: do factorized and estimator-orthogonal measurements exist? A short answer is: they do exist if the number K of vectors to orthogonalize to does not exceed a certain limit K max . This means that the accuracy of the estimator-orthogonal protocol with factorized measurements will degrade for the states with rank R s > K max .
In a simplest case of a bipartite system and a pure true state, a Schmidt decomposition can be used to find estimator-orthogonal measurements. Indeed, there is only one eigenvector |ψ 1 with a nonzero eigenvalue (K = 1). Its Schmidt decomposition is |ψ 1 
where µ i are the eigenvalues of the reduced density operator. Obviously, factorized vectors |i ⊗ |j , i = j, are orthogonal to |ψ 1 [28] . The desired measurements M αγ are the projectors onto these vectors:
In general, the existence of measurements M (K) , which are factorized and orthogonal to K entangled vectors is closely related to the maximal dimension of a completely entangled subspace [29] . Suppose a Hilbert space H D of a D-dimensional system consists of l components:
is said to be completely entangled if it contains no factorized vectors. The maximal possible dimension of a completely entangled subspace is (11) where E is the set of all completely entangled subspaces.
Let
is not a completely entangled subspace. This is true for sure, if dim S ⊥ ψ > D E . Taking into account (11) , after elementary transformations we obtain
Therefore if K K max the factorized estimatororthogonal measurement M (K) exists whatever vectors |ψ k are, otherwise it may not (which will occur almost certainly in practice).
In numerical simulations and experiments reported here we investigate a bipartite system (l = 2) with two identical components,
Another notable system is an l-qubit register. In this case K max = l, which is exponentially small in comparison with a maximum possible rank 2 l of a register state.
D. Estimator-orthogonal protocol
There are different ways to incorporate estimatororthogonal measurements into a particular adaptive protocol, mainly depending on the system of interest. In the sections below we focus on a bipartite system with two identical parts. The whole system has a Hilbert space 
The following adaptive protocol, which we call an estimatororthogonal protocol, was used in the present work to perform numerical simulations and experiments. It consists of several steps:
1. Evaluate the current estimatorρ of the true state.
2. Calculate the estimator eigenvectors |ψ k and sort them by their corresponding eigenvalues in decreasing order.
3. Choose index K randomly from the interval
4. Find a factorized vector |ϕ A ⊗ |ϕ B , which is simultaneously orthogonal to K eigenvectors:
5. Supplement the vector |ϕ A with √ D − 1 random mutually orthogonal vectors to form a basis B A in H A . Repeat the analogous procedure for the vector |ϕ B to obtain a basis B B .
Tensorially multiply the basis elements |α
by |β j ∈ B B to obtain a basis
7. Perform projective measurements in the basis B D .
8. Return to the step 1, if the total number of registered outcomes N is less then desired, otherwise stop tomography.
Let us explain some steps in more details. The estimator at the step 1 is the maximum likelihood estimator. The optimization itself is carried out by means of an accelerated projective gradient (APG) algorithm with adaptive restart [30] (see [31] for a combination of APG with a conjugate gradient method). An initial guess for the APG routine is supplied by the estimator found on the previous iteration of the protocol (on the first iteration a completely mixed state is substituted).
An essential part of the APG method is a projection operation -a map of an arbitrary matrix to a space of physical density matrices with a given rank R e . A common choice is to use a projection, which affects only the eigenvalues of an estimator leaving the eigenvectors unchanged. Therefore, for a full-rank estimate, R e = D, it is sufficient to project a vector of eigenvalues [32] . In the case R e < D, the eigenvalues with indexes i = R e + 1, . . . , D are zeroed, and a truncated vector λ ∈ R Re including only the nonzero eigenvalues is subject to projection onto a simplex ∆
Re . An orthogonal factorized vector at the step 4 is found by minimization of the function
This nonnegative function is equal to zero if and only if the vector |ϕ A ⊗ |ϕ B is orthogonal to all eigenvectors |ψ k for k = 1, . . . , K, and |ϕ A , |ϕ B are normalized to unit magnitude. Therefore the global minimum f = 0 is delivered by the vector being sought. It is guaranteed to exists, because K K max . Note, that the function f is constructed to keep the normalization condition and, consequently, the optimization can be accomplished by any unconstrained minimization routine. In particular, we use a Broyden -Fletcher -Goldfarb -Shanno (BFGS) algorithm [33] . The algorithm starts from random seed vectors |ϕ A and |ϕ B having a Haar-uniform distribution [34] . If the algorithm sticks in some local minimum f = 0, then the minimum is neglected, and optimization is restarted. The global optimum f = 0 may be attained for a number of different vectors, and random seed ensures that the algorithm can converge to any of them. This random seed and an overcomplete nature of the protocol provides that the number of various estimator-orthogonal measurements is sufficient. A random orthonormal basis B containing a given vector |ϕ , required at the step 5, can be obtained as follows.
For a start, note, that any unitary matrix corresponds to some basis and vice versa. A natural measure on a unitary matrix group is a Haar measure, which induces a "uniform" distribution on bases. A simple algorithm for the generation of Haar-distributed unitary matrices is known in literature [35] . In the beginning, the matrix G, pertaining to the Ginibre ensemble, is taken. By definition, real and imaginary parts of the matrix elements of G are independent and identically distributed Gaussian random quantities with zero mean and unit variance [36] . Then a QR decomposition is applied to the matrix G, G = QR, where Q is a unitary matrix and R has a right-triangular form with positive elements on its diagonal. The obtained Q is distributed according to the Haar measure. The vector |ϕ can be complemented to form a basis B by simply replacing the first column of G by |ϕ in the aforementioned procedure. The first column of Q is also equal to |ϕ due to the special form of R. Therefore, the matrix Q corresponds to the basis B being sought.
The basis B D at the step 7 corresponds to some POVM M α consisting of rank-1 projectors M αγ onto the basis elements, where an index α enumerates the bases and γ is an index of an element in the basis. In our experiments the data are collected for a fixed time t α for each operator M αγ within the same POVM. Moreover, t α remains constant for D + 1 successive basesthe minimal number of bases to provide informational completeness for a full-rank estimate. After that t α is allowed to change. The change of measurement time t α is chosen such that the data block size follows some schedule. By the block size we mean an average number of counts γ n αγ accumulated for a single POVM element. The block size is equal to the likelihood parameter b αγ ≡ b α [see Eq. (8)]. Previously it was shown that the schedule b α ∝ N , where N is the total number of counts observed so far, is a reasonable trade-off between the benefit from adaptivity and the computational and measurement realigning overhead [8] . In particular, we use b α = max(100, N/30 ) throughout the present work. In the simulations the outcomes are generated using a multinomial likelihood (unlike a Poissonian likelihood in real experiments), so there is no notion of measurement time. The block size is a parameter to be set directly, rather than a quantity depending on measurement time. 2. GR (general random) -measurements are performed in random bases of general form drawn from a Haar-uniform distribution.
3. Eigen -an adaptive protocol, which includes measurements in the eigenbasis of the current estimator. The first basis coincides with the eigenbasis, the successive D bases are the GR ones, and they are added to provide informational completeness. When this set of D + 1 bases is measured, the procedure is repeated: the estimator is updated and a refined eigenbasis is available.
4. AMUB (aligned mutually unbiased bases) -measurements are performed in mutually unbiased bases (MUB) [37, 38] , rotated in such a way that one of the MUBs coincides with the estimator eigenbasis. Similarly to the Eigen protocol, the procedure is repeated for the successive D + 1 bases. This protocol is a straightforward extension of an adaptive algorithm proposed in [11] to highdimensional systems (the only difference is that MUBs are realigned many times, not only once).
FR and FO protocols utilize only factorized measurements, while others include projectors onto entangled states almost certainly. We note, that a maximal set of D+1 MUBs is known to exist if the dimensionality D of the system Hilbert space is a power of a prime: D = p m , where p is prime and m is a positive integer. For other dimensions its existence is still an open question. Therefore, the AMUB protocol is not accessible for certain dimensions, and that is why the Eigen protocol is introduced. Actually, these protocols are quite similar, because the "most important" -estimator-orthogonal -part, providing the improvement in accuracy, namely, measurements in the eigenbasis is the same for both of them.
The quantitative criterion for the protocol comparison is the Bures distance between the true state ρ and the estimatorρ:
The last approximate equality holds in the asymptotic limit 1−F 1, therefore, the theory set forth in Sec. II A is also applicable for the squared Bures distance.
Dependencies of the Bures distance d 2 B (N ) from the true state ρ to the current estimatorρ(N ) on the number of counts N detected are depicted in Fig. 1 for a D = 9 dimensional system. Unless otherwise is specified, a fullrank estimate with R e = D is used. The dependencies are averaged over 50 full runs of tomography for different protocols. Two cases are studied: averaged performance among pure Haar-distributed true states (Fig. 1a) and true states, distributed with respect to measure induced by the Bures metric (Fig. 1b) [40] . All dependencies are well fitted by a power law model cN a . In what follows c is reffered to as a prefactor and a is called a convergence rate. Results of this approximation are summarized in Table I .
For pure states the adaptive strategies are advantageous as they demonstrate 1/N convergence, compared to 1/ √ N scaling for the random ones. However, the FO protocol yields to Eigen and AMUB by a prefactor being ≈ 3 times larger. There is no difference between the FR and GR protocols. As expected, the Eigen and AMUB protocols behave almost similarly (with a slight preponderance of the Eigen protocol for moderate values of N ). A characteristic saw-tooth form of d 2 B (N ) dependencies for these protocols is explained by the fact, that it is the measurement in the eigenbasis which significantly refines the current estimator, and the distance to the true state suddenly drops after this measurement is performed.
The dependencies d 2 B (N ) are tighter for different protocols when averaged over Bures-distributed mixed states in contrast to the pure state case. One can still isolate three groups of protocols according to the accuracy they achieve. Strategies including solely factorized measurements have a convergence rate of a ≈ −3/4 regardless of adaptivity (FR and FO). The GR protocol is better by a prefactor. The most precise protocols with improved convergence rates utilize general type measurements and benefit from adaptivity (Eigen, AMUB).
Previously, nearly the same influence of measurement factorization and adaptivity on tomographic accuracy for pure (mixed) state tomography was observed for a completely different Bayesian approach to state estimation and protocol design [8] . We also tested the performance of the aforementioned protocols in pure-state tomography of a 36-dimensional system (with the exception of the AMUB one, which is unavailable for this dimensionality). Again, the dependencies d 2 B (N ) are averaged over 50 full tomography runs for different Haar-distributed true states (see Fig. 2 ). Generally, the results conform to the 9-dimensional case. However, in the case of increased dimensionality the asymptotically optimal convergence rate of the FO protocol is reached for a significantly higher N . The transient region of reduced performance seems to increase with growing dimensionality. The parameters of power law fits are presented in Table I .
B. Full vs. adequate-rank estimation
Convergence of infidelity 1−F ∝ 1/ √ N with the number of counts detected N occurs only in the situation of rank mismatch, when the true state has lower rank than the estimator, R s < R e . If the ranks are equal, R s = R e , then eventually in the asymptotic limit N → ∞ the 1/N convergence appears. Therefore it is important to select an adequate rank, which by definition provides 1/N convergence whatever the protocol is. The author of the original paper [23] suggests to infer the model rank R e from the observed data itself using some kind of a χ 2 -consistency test.
Formally, all states have full rank in real experiments (but some eigenvalues may be relatively small), and it looks like the full-rank estimation should always be used. But the estimator with the adequate (and partial) rank captures nonzero eigenvalues, which are statistically significant, treating possibly small eigenvalues as essentially zero ones, without any influence on accuracy. Accordingly, an adequate rank can be selected on the fly, while tomography proceeds and new eigenvalues become significant, and in principle this scenario ensures 1/N convergence. It seems that adaptive tomography (and the estimator-orthogonal protocol in particular) can offer nothing more than the adequate rank selection does. However, it appears, that rank selection and adaptivity do not exclude each other -one can benefit from both of them.
We have carried out numerical simulations for the true states with different ranks to reveal the relation between rank selection and adaptivity. Two cases were studied: a full-rank estimate (R e = D) and an optimal-rank inference (R e = R s ). The plots in Fig. 3 depict the values of N , required to reach a certain value of accuracy d When state and estimator ranks disagree (Fig. 3a ) random measurements demonstrate evenly poor performance, as expected, while adaptive protocols are beneficial, especially for low-rank states. FO protocol requires ≈ 3 times less amount of statistics N than FR to achieve the given level of accuracy for ranks R s 4. This advantage increases up to ≈ 30 times towards lowrank states. Remarkably, AMUB is slightly less accurate than FO for these particular true states in contrast to the averaged performance (see Fig. 1 ), even though it uses measurements of general type.
Performance of random measurements changes qualitatively in the situation R e = R s (Fig. 3b) . Asymptotically all protocols have 1/N convergence and differ only by prefactors. When this asymptotic becomes valid, random measurements are almost as good as adaptive protocols. It happens for low-rank states, in our case for R s 4. However, optimal rank selection has little impact on tomographic accuracy for higher-rank states, and adaptivity provides much more advantage. It is worth to mention, that the particular crossover point R s = 4 depends on the given level of accuracy d 2 B = 10 −3 and the true states being simulated.
IV. EXPERIMENT
The experiment is implemented using spatial degrees of freedom of biphotons generated in spontaneous parametric down conversion (SPDC). We use a conventional measurement scheme consisting of a Hanbury BrownTwiss interferometer equipped with spatial light modulators (SLM) in each arm. A simplified scheme of the setup is shown in Fig. 4 (see Ref. [41] for a detailed discussion of the experimental setup). Radiation of a 407-nm diode laser, spatially filtered by a single-mode fiber (not shown), is directed onto an SLM1 to form the desired transverse profile of the beam, diffracted into the first order. This beam is served as a pump for a 25-mm-thick periodically poled KTP crystal (PPKTP), designed for a collinear degenerate type-II phase matching. A lens L1 provides an optimal focusing of the pump into the crystal to achieve a single-mode SPDC regime [41] , while a lens L2 collimates the down-converted radiation. A photon pair is separated into two arms by a polarization beam splitter PBS. SLM2 and SLM3 (actually these are two halves of the same SLM) realize a given transformation of photon spatial states in the first order of diffraction. The diffracted light is collected into single-mode fibers SMF, which perform a projection onto a fundamental (Gaussian) spatial mode. The fibers are connected to single-photon counting modules D1 and D2 followed by a home-made coincidence circuit CC with a 4-ns time window.
A digital hologram displayed on the SLM1 controls the spatial mode of the produced photon pairs, while SLM2-3 holograms together with the SMFs determine a projective measurement. The utilized SLMs are of phaseonly nature, but there exists a method to perform amplitude modulation with phase-only holograms as well (that is one of the reasons, why the first diffraction order is used) [42] . The experimental setup permits only factorized measurements, because each photon from the pair is directed onto its own SLM and propagates separately.
There are two canonical choices of basis modes: Laguerre -Gaussian (LG) and Hermite -Gaussian (HG) ones. The privileged role of these modes is based on the fact, that they are eigen solutions of a paraxial wave equation, therefore their shape is preserved during propagation. Moreover, they form full infinite-dimensional orthogonal bases in the space transversal modes. We have chosen HG modes to deal with in our experiments. Field amplitude of the HG mode at the beam waist is given by
where n, m are nonnegative mode indexes, x, y are transversal coordinates, w is a waist parameter, and H n is an n-th order Hermite polynomial. The order of a mode is defined as a sum n + m. We have experimentally prepared two states, a factorized and an entangled one, which approximately correspond to |HG 00 ⊗ |HG 00 (Gaussian) and (|HG 10 ⊗ |HG 00 + |HG 00 ⊗ |HG 10 )/ √ 2 (Bell). They can be produced by pumping the crystal with, respectively, HG 00 and HG 10 modes with a waist conforming to crystal parameters (a waist of detection modes is also uniquely determined) [43] . Additionally, the Gaussian state was spatially filtered with a single-mode fiber, installed between the crystal and the PBS (not shown in Fig. 4) , to increase its purity.
Since we are interested only in finite-dimensional tomography, we should limit the dimensionality D by selecting a certain subspace. The first one we used is the 9-dimensional subspace, spanned by all possible pairwise tensor products of |HG 00 , |HG 01 , |HG 10 modes, e.g. |HG 00 ⊗ |HG 01 , etc. By appending second-order modes, namely |HG 11 , |HG 20 , |HG 02 , another subspace with increased dimensionality D = 36 is constructed.
The prepared states can be reconstructed in either subspace. This gives us four combinations, however, in preliminary experiments we found that FO and FR protocols perform equally for the Bell state, reconstructed in a 36-dimensional subspace, therefore this case is excluded from further comparison. We attribute this behaviour to the low purity of the experimentally prepared state. The parameters of the states for the remaining three series of experiments are listed in Table II . They include purity Tr ρ 2 , negativity [44] , and spread d (ρ i ,ρ). It captures both the statistical uncertainty of the estimator and the systematic drift of the true state from run to run. Our analysis shows that the contribution from the latter prevails. Fluctuations of the true state mainly account for slow variation of the environment temperature, and, besides that, not all runs were contiguous, they were split into several days with 4 to remove the spurious region. Again, we approximate the dependencies with a powerlaw model cN a (see Table III for the best-fit parameters). The corresponding density matrix plots of the final estimators are shown in Fig. 5d-5f .
One can see, that the FO protocol demonstrates an advantage over random measurements in all considered situations. However, the relative benefit varies, depending on the purity and dimensionality of the true state. The maximal gain occurs for nearly pure state with lower dimensionality (Gaussian, D = 9). The FR protocol converges as 1/ √ N , while the FO one has an improved convergence rate a = −0.70 (Fig. 5a) . This difference results in ≈ 2.2 times more accurate estimation for N = 5×10
4 (the ratio can be even larger if one would collect larger total statistics N 0 ). When the Gaussian state is reconstructed in a subspace with higher dimensionality D = 36, the convergence rate of the FO protocol becomes nearly the same as for the FR strategy (Fig. 5b) . However, a steady accuracy improvement of ≈ 1.4 times is observed. The Bell state with relatively low purity is the "hardest" one to estimate. The averaged gap between the Bures-distance dependencies is ≈ 1.25 times (Fig. 5c ).
V. CONCLUSION
We have experimentally demonstrated the feasibility of obtaining advantage in the reconstruction infidelity for an adaptive tomography protocol for the states, living in the Hilbert space of dimensionality as high as D = 36. The main innovation here is a simple adaptive protocol specially tailored for factorized measurements, and thus ideally suited for bipartite systems, such as SPDC photon pairs used in the experiment. The protocol is completely agnostic to the origin of the estimation procedure, i.e. it requires only the point estimate of the state density matrix. So this adaptive optimization may supplement any tomographic procedure, both Bayesian and frequentist in nature. It is practically attractive, because the optimization routine involved in the search of optimal measurements is very fast. In this respect it may be considered as a generalization of the two-step strategy used in [11] to high-dimensional systems. This generalization, however, explicitly avoids entangled projectors, thus making it experimentally feasible.
Since there is almost no additional overhead for adaptive optimization, the protocol may be used and provide advantage whenever the state estimation itself is feasible. This boundary is unfortunately not that far from the dimensionality of the system used in this work. To the best of our knowledge, the current record for fulltomography is a 14 qubit simulation performed in [45] TABLE IV. Eigenvalues λ1, . . . , λ9 of the true states having different rank Rs, utilized in simulations for plotting Fig. 3 . which took 4 hours of computational time. It is hardly possible to extend the full reconstruction much further. Therefore methods are developed to trade the completeness of reconstruction for efficiency. For example, one may utilize some properties of the state known a priory, like sparseness (low rank) of the density matrix [46] or its tensor-product structure [47, 48] . Whether such scalable protocols, providing partial information about the state, may enjoy the advantage from adaptivity is an interesting open question. Another option for further work is the generalization of the protocol to process tomography. Although the Choi -Jamio lkowski isomorphism formally reduces process tomography to state tomography, additional restrictions on which probe states and measurements may be realized in experiment pose additional constraints, which should be carefully treated. For example, a standard prepare-and-measure scenario in process tomography corresponds to factorized measurements on the Choi -Jamio lkowski state, making the estimator-orthogonal protocol discussed here a natural choice. These questions will be addressed elsewhere.
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Appendix: List of true states used in simulations
In this Appendix we present a list of the true states of different rank R s , utilized to obtain the data for Fig. 3 . As a fiducial state we have taken one of Bell states, recovered in the experiment. This state possesses a full rank and has purity of ≈ 0.74. Its smallest eigenvalues are zeroed to derive the states with smaller ranks. After normalization to unit trace, the purity of the states is artificially set to be equal to 0.90 by increasing the weight of the first eigenvector |ψ 1 : a state ρ is replaced by (1 − µ)ρ + µ|ψ 1 ψ 1 | with an appropriately chosen coefficient µ. This procedure leads to states of the form ρ Rs = U Λ Rs U † with the same matrix of eigenvectors U and different diagonal matrices of eigenvalues Λ Rs = diag(λ 1 , . . . , λ 9 ). The corresponding eigenvalues are listed in Table IV, and the 
